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YuebHoe nocodue mpeaHa3Ha4YeHo CTYJeHTaM MIIAJIIINX KypPCOB TEXHUYECKUX
CHEIUaIbHOCTeH M1 00JIeTUeHUs YCBOCGHHUS MaTepHaiia 1mo Kypey ¢usuku. Ousnka
IITUPOKO HCIIOIB3YET PAa3IMYHbIC MMOHATHS U METOAbl MaTeMaTHKU. Ha Jjexmusx 1o
($U3UKe YaCTO MPUXOIUTCS IMOJIH30BAThCSI MATEMATHYCCKUMU CBEICHHSIMH, KOTOPBIC
eIIe He COOOIMAINCH CTYJACHTaM Ha JWCIUIUIMHAX 10 MareMatuke. [loaTomMy MbI
rnojaraeM, 4ro ydeOHoe mocoOue OyaeT MOJE3HBIM HE TOJBKO TEM, KTO HMEET
3aTpyAHEHUS] ¢ MaTEeMaTUKOW, HO TaKX€ W TEM, KTO CYUTAET, YTO OH CHJICH B
MaTeMaTHKe.

MareMatuyeckue HAeH M3JI0XKEHbI B y4eOHOM mocoOuu 0e3 yCIOXKHEHUN U
JIOKA3aTeNbCTB, KOTOPbIE BO MHOTHX CIIy4asiX 3aTPYAHSIOT YCBOCHHE IECHHEHIIMX
uaeil matematukd. OCHOBHOE BHUMAaHHE YJENIEHO MOHATHUSIM M METOJaM, KOTOphIE
MIUPOKO HCTOJB3YIOTCS B ¢puszuke. OTMETHM, 4TO ydeOHOE MocoOue HE 3aMEHSET
y4eOHHUKH M0 MaTeMaTHKE, HO OHO 00JIerdyaeT YCBOCHHE MaTeMaTHYCCKUX 3HAHUHN Ha
IpUMEpPE PEIICHNS KOHKPETHBIX 33/1a4 MEXaHUKHU U (DU3UKHU.
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BBEAEHHUE

«Mamemamuxa yorce mem xopouia,
4mo ym 8 nopsi00K NPUBOOUN
M. JIomoHOCOB

OcHoBHas 3aa4a yueOHOTro NocoOust — O0JIETYUTh CTYI€HTaM MJIAJIINX KypCOB
TEXHUYECKUX HAIMpaBJICHUN TMOArOTOBKM TOHUMAHWE U OCBOEGHHE METOJOB
MaTEeMaTHKH, MPUMEHSIeMBbIX B Kypce ¢u3uku. OMNbIT mpenofaBaHus (QUIUKH
MOKa3bIBAET, YTO HAWOOJIbILIME 3aTPyIHEHHS] Yy CTYJIEHTOB B OCBOCHHHM (PUIUKHU
BBI3BIBAIOT MMEHHO HE3HAHHS OCHOBHBIX HACH W METOJOB BBICIICH MaTEeMAaTHUKH.
OOCTOATENBCTBO YCYTyONIA€TCSl U TEM, 4YTO HU3YYEHHUE MATEMaTU4YeCKOro aHaju3a
OOBIYHO HJET C OOJIBIINUM OTCTaBaHHUEM OT MOTPEOHOCTEN  YETKOro
U3NIOKEHUs1  (U3HKU C MPUMEHEHHUEM MaTeMaTHYecKux uiei. Tak, Hampumep, yxe
IpU U3yYEHUH MEXaHUKW — MEpPBOro pasnaena oOuiel (pu3nku — Tpedyercs yMeHHUe
pemats nuddepeHnanbHble YpaBHEHUS U YMEHUE BBIYHCISATH MHTETPANbl. A B Ma-
TEMaTUYECKOM aHaJW3€ COOTBETCTBYIOIIME CBEJICHUS M3JAratoTcs, Kak MpaBHIIO,
3HAYUTENBHO MO3/THEE.

Kpome Toro, msnokeHrue MaTeMaTHKd BEIETCS OOBIYHO Ha BBICOKOM YPOBHE
CTPOTOCTH, KOTOPBI Ha MEPBOM JTale HM3yYeHUS MOXKET BbI3BAaTh 3aTPYIHCHUSB
NOHMMAaHUU CaMBIX IIEHHBIX W MOJIE3HbIX uaei. Ho MOXXHO yTBepk aaTh, 4TO CaMbIe
MOJIE3HbIE HWJEH W METOJbl MaTeMaTUKU MOTYT OBITb HW3JIOKEHBI 3HAYUTEIHHO
npoie 0e3 CIOXKHBIX JI0Ka3aTelNbCTB, HO C YKa3aHUEM NPAKTUYECKUX IPUEMOB
IPOBEPKU NPABUIIBHOCTUU TOYHOCTH COOTBETCTBYIOUIUX METOJOB.

Ienp nmpemyiaraeMoro y4eOHoro nocoOus— JaTh CTYJIE€HTaM OCHOBHBIE MOHSTHS
BBICIIICH MaTEeMaTHKHU ISl YCIIEUTHOTO OCBOEHUS pa3zienoB (pusuku. UHBIMU ClI0BaMH,
O0JIErYnTh CTYJEHTaM OCBOECHHE BBICIIEH MaTEMaTUKH, HE OTATOLIEHHOE HH
IPOMO3JKHMH JI0Ka3aTEIbCTBAMU, HU JIOTHYECKUMU TOHKOCTSIMHU.

YueOHoe mocoOue He 3aMeHseT YYeOHUKH MO0 MaTeMaTHKe, HO oOJierdaeT ee
ycBoeHue. Kpome m3noxenus wuaeir auddepeHnnanTbHOro UCUUCICHHS, B y9eOHOM
nocOOMM yIEJIE€HO BHUMAHHUE OMNPEICIICHUI0 OCHOBHBIX TOHSTUH W TEPMHUHOB,
BCTPEYAIOIINXCS BMaTeMaTuke U (U3NKe (MHTEPIIONMPOBAHUE, DKCTPATIOIUPOBAHHE,
anmpokcumanus, popmyna Teitnopa, psag @ypee). Bce moHITHS 1 METOIBI TPUBS3aAHBI
K KOHKPETHBIM (u3nueckuM 3anadaMm. [loguepkaem, 4Tto 3HaHHE 0€3 MPaKTUYECKOTO
IIPUMEHEHUS HACTOSIINM 3HAHUEM HE SIBIISIETCA.

Hcropust pusnky U MaTEMaTUKH J1Ia€T MHOTO TPUMEPOB B3aUMHOTO 00OTAIIEHUS ITHX
Hayk. Coro3 3THMX HayK B3amMOBBITOJIeH. Hecmyuaiino Beimarommiics ¢usuk Mcaak
HeroToH siBUIICS OgHUM U3 co3naTeneit nuddepeHImaib»HOro ¥ HHTETpaIbHOTO
UCYHCIICHHs. 3aMEeTHM, 4TO caM HpIoTOH cumtan ceOs MaTeMaTHKOM M 3amu@poBai
OJIHO M3 CcBOMX OTKpwITH — «[lone3no pemars auddepeHnnanbHble YpaBHEHUS.
OU3NKU-TEOPETUKA B CBOEH HAyYHOU pabOTe MIMPOKO HCIOJB3YIOT TMOYTH BECh
apceHas MaTeMaTuku. [Ipu 5ToM 4acTo oHM  caMu pa3padaThIBAIOT HOBBIE METO/IBI.
«lIpubnudsicenue k bonee 21y6OKOMY NOHUMAHUIO OCHOBHBIX NPUHYUNOE PUIUKU CBAZAHO
CO 8ce OoNIee CLONCHLIMU MAMEMAMUYECKUMU Memooamuy. ATbOepT DUHIITEHH.



1 9JEMEHTBI MATEMATHUYECKOI'O AHAJIN3A
1.1 BexTopHas anre0pa, 1eiicTBUsI ¢ BEKTOpaMu

Hcnonb3oBaHne BEKTOPOB CYHIECTBEHHO YMPOIIAET 3alMUCh MHOTMX 3aKOHOB
¢usuku. OAHAKO MPU 3TOM HEOOXOAMMO OTUETIMBO 3HATh, UTO KPOETCS MO ATOU
COKpallleHHON 3amuchio. HauHeM ¢ mpocToro mpumMepa — 3alUCH BTOPOTO 3aKOHA
HrroToHa B BEKTOpHOU (hOpME C UCTIOTB30BAHUE UMITYJIIbCA P = MV .

—

p=F. (1.1)

S

CrnoBecHas (HOpMyJIHPOBKA 3TOTO 3aKOHA TJIACUT, YTO MPOU3BOAHAS UMITYJIbCA
110 BPEMEHU ONPENEIAETCS Pe3yIbTUPYIOIIUM BEKTOPOM BCEX CHUJI, IEUCTBYIOIIMUX HA
TEJIO0 WM MarepuaibHylo TOuKy. IlepBoe, 4TO HEOOXOAMMO MOHHUMATh, YTO
cootHomienue (1.1) maetT He olHO ypaBHEHHUE, a, B OOIIEM ciydyae, TpU YpPaBHEHHUS
JUISL TPEX KOMITOHEHT UMItysibca p(p,,p,,p.) ¥ TPeX KOMIOHCHT PE3yJbTHPYIOLICH

CHJIBI F(Fx,Fy,Fz):

d
%:Fx,ﬁ:ﬂdpzzpz, (1.2)
dr dt Yode

OtMeTuM, 4TO JHOOOM BEKTOp B TPEXMEPHOM IPOCTPAHCTBE MOXKET OBITh
M300pakeH ¢ IOMOULIbIO €IMHUYHBIX BEKTOPOB 110 TPEM KOOPJHHATAM:
F=F e +F e +F -e=F-i+F j+F k. (1.3)

B oroii ¢dopmyne uCHONb30BaHBI Pa3IMUHbIE CIIOCOOBI HM300paKeHHs
€IMHUYHBIX BEKTOPOB.

To, 4ro BekTOp [ sBIsAETCA PE3yJBTHPYIOLIMM BEKTOPOM, O3HAYAET, YTO B
00ILEM CITydae OH IIPEICTABIAET CyMMY BCEX BEKTOPOB CHJI, JEUCTBYIOLUIUX HA TEJO:

—

F=F+

|
|

+..+F. (1.4)

—
[\

CrnenoBatenbHO, HEOOXOJIMMO YMETh CKJIa/bIBaTh BeKTOpa. [lokaxkeM 3TO clokeHue
Ha TIpUMEpPEe NBYX BEKTOPOB (n =2). AnreOpanmdeckuii croco0 OYeHb MPOCT — IS
HAXOXJCHUS KOMIIOHEHT pe3yJIbTUPYIOIIETO BEKTOpa HEOOXOAMMO TMPOCTO UX
CJIOKUT:

Fo=h +F

2x°

F =F_+F,. (1.5)

y» Tz

F =F +F



['eomerpuueckuit crnoco0 W3BECTEH OOJIBIIMHCTBY MIKOJBHUKOB. Pe3y-
JBTUPYIOLIUNA BEKTOP ABYX BEKTOPOB HANpPaBJEH MO AUArOHAIM Mapajuieliorpamma,
MIOCTPOEHHOTO HA CYMMHUPYEMBIX BEKTOpaX.

Puc. 1. Cxembl ci10%KeHUS BEKTOPOB

Ha puc. 1 mokaszansl JBa crocoba MOCTPOEHHS Pe3yIbTHPYIOIIETO BEKTOpA.
B nepBoM cnocobe Hayana CyMMHpPYEMBIX BEKTOpOB coBMmemarorcsa. llo Hum
crtpoutrcs napamienorpamm OABC. Pe3ynbratoM CymMBbl sIBIIseTCS AuaroHanbs OB.
Bo BTOpOoM cnoco0e Hauyano BTOPOrO BEKTOpPa DPACIONAracTCsl B KOHIIE IMEPBOTO.
CoennHeHne Hayajla MEPBOrO BEKTOpA ¢ KOHIIOM BTOPOrO BEKTOpPA JACT pe3ysbTar
CYMMHPOBAHHUSI 3TUX BEKTOPOB. 3HAHHWE CBOMCTB MapaljieiorpaMma MO3BOJISIET JETKO
J0Ka3aTh SKBUBAJIEHTHOCTh 3THX CMOCO00B. OOBICHATH OMNEPALMIO BbIYUTAHUS

BEKTOpOB [ = —F, HeT HeoOXOAMMOCTH, TaK KaK OHA CBOJAUTCA K CII0XKECHUIO

— —

BCKTOpa Fi C BCKTOPOM Fz, KOMIIOHCHTBI KOTOPOIr'o paBHbBI KOMIIOHCHTAM BTOPOTO

BEKTOPA, HO UMEIOT IPOTUBOIIOJIOKHBIN 3HAK.
Moynp BEKTOpa paBeH KOPHIO KBAJPATHOMY CYMMBbI KBaAPATOB KOMITOHEHT:

F:\ﬁ\z\/Fj+Fj+Fj. (1.6)

B ¢opmyne (1.6) otMeueH TOT (akT, YTO HNPU OTCYTCTBUU CTPEJIKM HaJ BEKTOPHOMU
BEJIMUMHON UMEETCsl B BUIY MOJYJIb BEKTOpa (€ro JUIMHA).

Jlis  3amucu  BEKTOPHOTO YpPaBHEHHS B TIOKOMIIOHEHTHOH Qopme dYacTo
TpeOyeTcss OmpeneinTh 3HAYCHHS KOMIOHEHT. Jlomyctum, dro Tpelyercs
OTPENEIUTh KOMIIOHEHTY CHJBl TSDKECTH, JIEWCTBYIOIIYIO B  HampaBlICHUU
BO3MOHOTO TIEpPEMEIICHHs] Tela BIOJIb HAKJIOHHOW moBepxHocTH (puc. 2). Ilo
MOCTPOEHUIO YTOJI MEXIy BEKTOPOM CHJIbI TSKECTH U HOPMAJbI0 K MOBEPXHOCTH
paBeH o. IlosToMy u©3 COOTBETCTBYIOILIEIO MHPSMOYTOJBHOTO TpPEYrojIbHHUKA
KOMIIOHEHTa CHJIbl BJIOJIb TIOBEPXHOCTH [ =mgsin(al), a KOMIIOHEHTa CHIIbI,

OIpeIeIIsronias HopMaiabHOE JaBienue, I, = mg cos(a) .

3akaHuMBas MPUMEPHI, CBA3aHHBIE CO BTOPHIM 3aKOHOM HbIOTOHA, OTMETHM,
YTO 3aMKCh 3TOTO 3aKOHA C KCIOJB30BAaHHWEM HMITyJbca Oojee TOYHa, YeM 3aluCh
ATOTO 3aKOHa B (hopme

m—=F. (1.17)



N3 3akona (1.1) mo mpaBunam nuddepeHIpoBaHUS TPOU3BEICHUS ABYX
GyHKIMI cneayeT, 4To

dmy) _dm s @ _F 17
dt dr di

OTO O3Ha4daeT, 4YTO  yHPOILICHHAs
dopma 3amucu BTOPOro 3aKOHA
CIIpaBeUyIMBa JIMIIb TOrJA, KOrja
Macca  JBWXKYLIErocs Tena  HE
MeHsiercs. [IpuMepoB IBUKEHUS Tel
C HM3MCHSAIOLICHCS MAacCOM MHOTO.
B HepBYI'O oqepem) 3TO KacacTcsda Puc. 2. Teno Ha HAKJIOHHOM INIOCKOCTH
pPaKeThl, TEPSIOLUIEN CBOK MAaccy 3a

CYET UCTEUYEHUSI U3 HEE Ta30B.

IlepeitmeM K pacCMOTPEHUIO JIByX BHUJOB IPOU3BEACHUS BEKTOPOB —
CKAAPHO20 W 6ekmopHo2o. B pe3ylbTaTe CKalIApHOTO TNPOU3BEACHUS BEKTOPOB
MOJIy4aeTcsl CKaJiipHasi BeIWYWHA (3TO M OMNpeleNsieT Ha3BaHUE MPOU3BEACHUS).
B crappix yueOHUKaxX CKaJsipHOE MPOU3BEIACHUE HA3BIBAIOCH €ILIE BHYMPEHHUM.
[TosicHuM CBOWCTBa CKaJIpHOTO MPOM3BEAECHUS HA MPUMEPE BBIYMCICHHS DJIEMEHTA
pabotsl d4 :

dd=F-d5=F-ds-cos(B)=F, -dx+F,-dy+F, -dz. (1.8)

—

31ech MPEeANnoiIokKEHO, 4TO [ — yroia MeXAy BEKTOpOM CUjibl [ M BEKTOpOM
nepemeniennss ds ¢ kommoHeHntamu dx, dy, dz. W3 cBoiicTBa cKaJspHOTO

MPOU3BEACHUS  CIIEIyeT, 4YTO CKAJISIPHOE MPOU3BEJICHHE JBYX  B3aUMHO
MEPIICHIUKYJISIPHBIX BEKTOPOB PaBHO HYI0. BennuunHa cKalsipHOTO MPOU3BEACHUS
paBHA «IUIOLIAW» MapajuiesiorpaMmMa, NOCTPOSHHOIO Ha MEPEMHOKAEMbIX BEKTOpaX.
CnoBo miionaabs MOCTaBJICHO B KaBBIUKH JIJIsl TOTO, YTOOBI HAIIOMHUTh, YTO B (hU3UKE
pPa3MEPHOCTh TPOU3BEACHUSI OMNPEACISIETCS MPOU3BEJACHUEM COOTBETCTBYIOIIHUX
pa3mepHocTeil. [loatomy paszmeprnocts padotel 1 [k =1H-1 m.

Kpome dopmynsr (1.8), nmmus CKagsgpHOTO TNPOU3BEICHUS CIIPABEIJIMBBI
(GopMynbl ¢ NPUMEHEHHUEM NPOEKIUM CHJIbl Ha BEKTOp NepemelieHus F, win

IMPOCKIHUU BCKTOPA IICPCMCIICHUA HAa BCKTOP CHUJIbI ds F .
dd=F-ds=F -ds=F -ds,. (1.9)

Ucnonw3oBanue auddepenimana ds mpu BBIYKHCICHUHU dJIEMEHTa paOOThl HE
ciyyaiiHo. [Ipu Takoil 3anucu npaBuiIbHO OyAeT BbIUUCIIEHA pPaboTa Npu KOHEYHOM
IIEPEMEIIEHUH C IIOMOLIBI0O HMHTETpaja, NaXKE €CIU CUJla U BEKTOp IEPEMELICHHUs
SBJISIIOTCS NepeMeHHbIMU. OTka3aTbCsi OT AU((GEepeHLHaToB MOXHO JMIIb B TOM
ClIy4ae, €Clli CHJIa U BEKTOP IEPEMELICHUS HEU3MEHHBI.



B@KTOpHOG MIIPOU3BCIACHUC ONPECACIIACT KOMIIOHCHTBI HOBOI'O BEKTOpa.

C=[AxB|=-[Bx 4|, C=4-B-sin(y), (1.10)

—

r7ie Y — Yroj Mexay NnmepeMHOX)aeMbIMU BekTopaMu. Bektop C opTroronanen o0oum

BekTopam (C L A, C L B), a ero HampaBli€eHUE ONPEACISIETCS MO MPABUIY MPABOTO

BUHTa (OypaBuMKa) MPHU YCJIOBHH, YTO M3 KOHIAa BekTopa C KpaTdyallliuil MOBOPOT

—_ —

NEepPBOro BeKTOpa A KO BTOPOMY BEKTOpPY B BHUAECH NMPOTHUB YaCOBOM CTPEIKH.

KommnonenTsl Bektopa C onpeaenstores mo popMyiam:

C.=A4,-B.~A B, C,=4-B~A-B, C.=4,-B,~4,B,. (1.11)

Jliisg obnerdeHus 3aoMUHaHUS 3TUX (HOPMYJT CIEIYET y4ecTh, YTO MHIEKCHI
IIEPBOIO CJIAra€MoOro B MPABOW YAaCTHU PABEHCTBA CIEAYIOT MPABUIY LUKINYECKOTO
HOpsZIKa CIEAOBAaHUSA KOMIIOHEHT IO X, ), Z, @ MHJAEKChl KOMIIOHEHTOB BTOPOTO
CJIara€MoOro MEHSIOTCS MECTaMH.

@opmyanbl (1.11) a1 KOMOOHEHT BEKTOPHOIO MPOU3BEAEHUS MOIYYaAIOTCS U3
PACKpBITHS OIIPEAEIUTENSA

i

C=|AxB|=|4, (1.12)
Bx

%tkkq
SSINS I

W3 onpeneneHus BEKTOPHOTO IPOU3BEIACHUS CIEAYET, 4YTO JBa BEKTOpa
JMHEHHO HE3aBUCHMBI TOTJA M TOJIBKO TOT/a, KOIJIa MX BEKTOPHOE MPOU3BEACHHE
PaBHO HYJIIO.

C noMouIpl0 BEKTOPHOTO MPOU3BEICHUSI OIMPEACISIOTCS, HalpuMep, CHIia
Awmmnepa (3akoH Awmrepa), JeHCTBYIOIas Ha 3JeMEHT mpoBoaHuka d/ ¢ Tokom J

—

B MarHUTHOM I10Jie B :
dF, = J[di X E] ,

BEJIMYMHA MAarHUTHOM WHAYKIMH, CO3AaBaeMoil anemMeHTOM Toka Jd/ B TOuke
¢ paanycoM-BeKkTopoM 7 (3akoH buo — CaBapa — Jlamiaca):

ST
dB = 4::1”3 [dl xr].



1.2 IllpousBoanas pyHKunu

[loHATHE NPOM3BOMHONW HCIONB3YETCS B MEXaHHKE cO BpeMeH HproToHa.
Coznarensimu audepeHimanpHoro ucuuciaeHus cuutarotcs Jleitonun u HpioToH.
HpioTon He3zaBucuMo oT MaremaTuka JleiOHuma co3gan auddepeHnuanbHoe
UCYMCIIEHUE JJI1 TOYHOTO OMHCAHUS 3aKOHOB MEXAaHWYECKOro JBHKeHHs. VM Obu1o
BBEJICHO OIpPEEIICHHE BEKTOPAa CKOPOCTH Kak MPOU3BOAHONU OT pajuyca BEKTOpa IO
BPEMEHU M OIpeJeNiCHUEe BEKTOpa YCKOpPEHHUs KaK MPOU3BOJHON OT BEKTOpa
CKOPOCTH:

v:d—’”z?, =Y i (1.13)

dr dr

B stux popmynax orMmeueH ToT ¢akT, 4TO IPOU3BOJHBIE TI0O BPEMEHHU 4acToO B
¢u3nke 0003HAYAIOT TOUKOW HaJ (PYHKIMEH BMECTO IITpUXA, KaKk B MaTemaTHke. B
dopmynax (1.13) uCmomb3yrOTCS BEKTOPHI. DTO O3HA4YaeT, YTO B OOIEM clydae
MMEIOTCS B BUJly TPU COOTHOILIEHHUS JJIsI KOMIIOHEHT CKOPOCTH M TPU COOTHOILICHHUS
JUIST KOMIIOHEHT YCKOPEHHS. 3aMeTUM, UYTO B Y4eOHUKaxX 4acTo JJjisi 0003HAUYCHUS
BEKTOPOB HCIIOJB3YIOT >KUPHBIM MIPpUPT U CTpenodyku omnyckarT. C MOMONIbIO
BBEJICHHBIX BEJIIMYMH MOKHO NO-Pa3HOMY 3alucarth BTOpOW 3akoH HeroToHa s
MaTepUaIbHON TOYKH C IIOCTOSIHHOM MAaCCOM:

—

mi=mv=mr=F. (1.14)

Eme pa3 manomuanm, 4to cootHomenue (1.14) naer B o61miem ciyyae HE OJIHO,
a TpU ypaBHEHUS.

OcTaBuM TOKa B CTOpOHE (DM3UKY W JTaUM OTPEICICHUE MPOU3BOTHOMN st
OMHOW (YHKIWHM C apryMEHTOM X TaK, KaK 3TO JelaeTcsl B MaTeMaTHYeCKOM
ananuze. OmnpeneseHre MPOU3BOAHOM OT (yHKIMU y = f(Xx) maercs ¢ MOMOIIbIO

dbopmyIibl

d_y:%:hm f(x+Ax)—f(x)

f'(X)=dx 4 s, .

(1.15)

CrnoBecHoe ompeneneHue 5Tod GOpMyJbl 3BYYHUT Tak: MPOU3BOJIHAS OT
dbyHKIMM paBHA TpeNedy OTHOIICHHS MpHUpAIIeHUus (QYHKIUU K TPHUPALICHUIO
aprymenTa. [lpupamenue aprymenta paBHO Ax, a mnpupaiieHue QyHKIUN
Ay=Af = f(x+Ax)— f(x). OOpatum BHMUMaHu€ Ha o0OO3HaYeHUE (QPYHKUIUHU
y=f(x) ¢ momomplo ). DTO AelaeTcs TOJbKO JJii TOTrOo, YTOOBI IOTOM MpH

OOBSCHEHUH TEOMETPUYECKOTO CMbICIa OTMeYaTh 3HA4YeHHs (PYHKIMU Ha
BEPTHKAIBHOHN OCH, KOTOPYIO YaCTO 0003HAYAIOT B BUJIC ) .

3ayyuB TPUBEIACHHOE ONpEICICHUE TPOU3BOJHON, CTYISHTHI HE Bceraa
NOHUMAIOT, YTO ATO ONPECIICHUE SBISCTCS AITOPUTMOM JUIS TIONYYCHHS BCEX
bopmyn muddepeHupoBaHUs.



Paccmorpum npumep npumenenuss popmynst (1.15) ana BeiBoga Gopmyrisl
npousBofHOH oT ¢ynakmmn f(x)=x". CormacHo ¢GopMyrne HyXHO BHAdaje

BBIYHCIIUTH MPUpPANCHUE (YHKIIHH
Ay=Af = f(x+Ax)— f(x)=(x+ Ax)* — x* = 2xAx + Ax". (1.16)

CocraBisis OTHOILICHUE MTPUPALLCHUS (PYHKIIUU K TPUPALLIEHUIO ApTYMEHTA, MOJTYyYUM

AN oiax (1.17)
Ax  Ax

A Tenepb HYKHO TIEpEHTH K TIpeieny 3Toro oTHomeHus mpu Ax — 0. O4eBUIHO, YTO
npeaenoM oyaer sHadenne f'(x)=2x. DTOT pe3yabTar MOATBEPIKIACT OoJIce OOIIyIO

OPMYITY JUTSl IIPOU3BOIHOM OT cTenenuoi dyukimuu 1'(x) = (x") =nx"".
pMyty p y

AHanoruuyHeM 00pa3oM JOKaKeM, YTO MPOU3BOAHAS OT TPUTOHOMETPUUECKON
¢ynakun  f(x) =sin(x) paBHa cos(x). [Ipupamenue pyHKuu

Af =sin(x + Ax) —sin(x) = sin(x) - cos(Ax) + sin(Ax) - cos(x) —sin(x). (1.18)

JlJis BbIUMCIIEHUs pe/iena OTHOUIECHUS pupalieHusi GyHKIUKU K MPUPALICHUIO
apryMeHTa y4TeM, 4TO IIPU MaJIbIX MPUPAILIECHUIX apryMEHTa

Af =sin(x) + Ax - cos(x) —sin(x) = Ax - cos(x) . (1.19)

[lomenmuB 3Ty BenWuMHY Ha OpupamieHue Ax, TMOJyYMM HW3BECTHBIN
pesyabTar — (sin(x))’ =cos(x). Ilepexon k mpeaeny npu Ax — 0 HyXXeH IS TOTO,
YTOOBl BMECTO MNPUMEPHOTO 3HAYEHHUsS MNpupameHus (QyHkuuu Af B ypaBHEHHUH

(1.19) nony4uTh €ro TOYHOE 3HAYECHUE.

CnenaeM nones3Hoe 3amedyaHue. M3 aaropuTtMa BBIYUCIEHHUS MIPOU3BOJAHBIX
BHUJHO, 4YTO, €CIIM HE IepexoauTh K mpeneay Ax — 0, a Mcnosb30BaTh Mallble
3HaueHus Ax, OyJeM UMeTh NpUOJIHKEHHOE 3HAaUYeHHE MPOU3BOJHON. DTa uues
NJI0AO0TBOPHO HCHOJIB3YETCA I MPUOIMAKEHHOTO peleHus auddepeHunaibHbIX
ypaBHeHHil. Kpome TOro, mnojie3HO NOHATh, YTO JMWIIb HPU BBIYUCICHUU
MPOU3BOJHON OT JUHENHONW (QYHKLUHMHU Yy =dax MOXXHO HE MEPEXOAUTH K IMpEaery

Ax — 0, Tak Kak TOJIbKO B 3TOM YaCTHOM cJly4ae OTHOIIEHUE MpHUpaLICHUs
GyHKIMM K MPUPAIICHUIO apryMeHTa HE 3aBHUCHT OT BEJIMYMHBI MpUpAIICHUS
aprymeHra (JOKa)XuTe 3TO).
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[lepeliieM K BBIICHEHUIO T€OMETPHU-
YECKOTO CMbICIa npou3BoAHOM. st 3TOro
n300pa3uM Ha puc. 3 3HAYCHUS, HCIOJIb-
3yeMbl€ B ONpENEICHUU TPOU3BOJHOMN, Ha
IJIOCKOCTH X, ¥ = f(X).

Ha »tom PUCYHKEC X, — 3HA4YCHHUC

aprymMeHTa, JJisi KOTOPOrOo  BBIYUCISETCS
npousBoaHast. CorjlacHO MOCTPOCHUIO JITTMHA
karera AC paBHA MpUPALCHUIO apTyMEHTa, a

1
miHa kareta  BC paBHa MpHpaIICHUIO ‘5
¢ynknuu.  CrenoBaTtenbHO,  OTHOIICHHE X0 XotAx
npupameHuss  QYHKUMM K [PUPAIICHHIO Pric. 3. Cxema K TOHSTHIO
apryMeHra paBHO TaHreHcy yrna BAC. Ilpu POM3BO/IHO

CTPEMJIEHUH NPUPALLIEHUS apTYMEHTA K HYJIIO

cexkyuiasi AB npubnmxkaeTcss K KacaTelbHOM B TOUKE Xo, @ 3HAUYEHHE MPOU3BOHOM
npuOIMKaAETCs K TAHTEHCY yrila HaKJIOHA KacaTelbHOU K ocu aprymenTta. OTciona u
CIEAyEeT T€OMETPUYECKUM CMBICI MPOU3BOJHOW — BEJIMYKMHA IPOU3BOJHOW paBHA
TAHIE€HCY yTIJIa HaKJIOHA KacaTelbHOM K KpuBOM y = f(X) B COOTBETCTBYIOIICH

TOUKE.
1.3 UHTepnoasinus M 3KCTPAnoasiuus QpyHKIHM

[Ipy MHTEPNONAMU U SKCTPATIOIISAIIMHU MIPEIONIAraeTcs, 4YT0 Kakasi-To QyHKIUS
3ajaHa TaOnM4YHO 11l (puKcupoBaHHOro Habopa aprymentoB x;(i=0, 1, ..., n).
B ¢usuke o0buHO Takas Tabnwia sSBISETCS PE3yiIbTaTOM H3MepeHui. B ciyuae

TaOJIMYHOTO 3a7aHus (PYHKIIMU BO3HUKAET MpoOieMa MPUOIMKEHHOTO BBIYUCICHUS
3Ha4eHUH (QYHKIMM B IPOMEXKYTOYHBIX TOYKAax B HUHTEpBale OT X, OO X, .

[TpeanonoxkuM, 4To (PUKCUPOBAHHBIE 3HAYEHUs] apryMEHTa X, YIOPAJOYEHBI IO
BO3pacTaHMIO HOMepa (MHIEKca) i TaK, YTO X, SBISETCS HAUMEHBIIUM 3HAUYE€HUEM, A
x,— HauOompmmM. CdopmynupoBanHas mnpoOnema peraeTcs  METOJlaMHU

VHTEPIIOJIUPOBAHUS.

B Tex cnydasx, korga TpeOyeTcs BBIUUCIWUTH 3HAUYCHUE (QYHKUUM IS
apryMeHTa BHE HMHTEpBaja [xo, xn], 3aJla4ya PEemaeTcs METOJAMU 3KCTPAIOJISIUH.
DKCTPanoAIUs MOXXET IPUBOIUTH K OONBIIMM IOrpemrHocTsIM. WHTepnonasmms
TAK¥K€E JAaeT HEKOTOPYIO MOTPEIUIHOCTh, HO IOKA3bIBAETCs, YTO ATA IIOIPELIHOCTh Majia
npu OJIM3KUX 3HAYEHUSX COCETHUX apTyMEHTOB.

Camblii TPOCTOM M 4YacTO HCHOIb3YEMBIM CIMOCOO WHTEPHOJSALHUHA — 3TO
JIMHEWHAs UHTEePNOJsIUKs. B ciydyae TMHEMHOM MHTEPIOJALMA MPEAIIOIAraeTCs, 4To
Ha KaXJIOM HHTEpBaje [xl., le]sHaquHe (GYHKIIMM MOXXHO BBIYUCIUTH W3

YPaBHEHHS COOTBETCTBYIOIIECH NPAMOM, HMPOXOAAIIEH uepe3 AaBe TOYKH (X, ;)

u (xi+19 yi+1):
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V) = £ =y, + (x— ) Lo =2 (1.20)
(xi+l - xi)

®opmyna (1.20) rogurcs mis a000T0 YHOPsIOYEHHOTO Habopa 3HAYCHUI
aprymenTa. Ecnu 3HaueHus aprymeHTa 3aJaHbl C MOCTOSIHHBIM IIaroM /4 Tak, 4TO
X, =X, +i-h, popmymna (1.20) ynpomaeres:

Y0 = £ =, + (r-x) L), (1.21)

YCIOKHEHUEM  JIMHEMHOW  HMHTEPIOJSIUUM  SBJSETCA  MOJHMHOMMAJIbHASA
UHTEPIONAIMs. 3HaueHue (YyHKIMU B 3TOM CIIydae MOXKET OBITh BBIYUCIICHO IIO
WHTEPIONAIMOHHON hopmyte Jlarpanxka:

fD =L@ =Y, ),
_ (1.22)
(x —x)(x —x)..(x = )X — X)) (X — X,)

(O, = x)(x; = X,)..0x; = X )(x; = X,)-.(x;, — ) -

P (x) =

[Ipu paccmoTpenun Gopmyibsl Jlarpanxka ciieayer oOpaTuTh BHUMaHUE Ha TO,
4TO B 4HUCIUTENE p,(X) MPOMYIIEH MHOXKUTENIb (X —X,), a 3HAMEHATEIb [0JIydaeTcs

W3 4YHCIUTENsl 3aMEHOM X Ha Xx,. B ciydae, Hampumep, TpeX TOYEK

1

(n=2, i=0, 1, 2) popmyna Jlarpanxa uMeeT BUJI

L,(x) =y, (-x)x=x)  mx)r-x) | (o x)r—x)

(X —x)(x) — X;) 1 (X, —x)(x; — x,) ’ (x, = x)(x, — X)) ‘

B ciyudae aByx Touek (#n =1) peanusyercs auHelHas unrepnossuus. [Tokaxure

3TO.
B ananmu3e nerko MOKa3pIBalOTCSA CBOMCTBA IONMHOMA JlarpaH:ka — cTeneHb
NOJIMHOMA HE BBIIIE 71, & 3HAYEHUS NOJIMHOMA Npu X=X, paBHbl V(L (x)=y,).

Takum 00pa3oM, MOJIMHOM MPOXOAMT YEpPe3 BCE 3ajJaHHble TOUYKH. Bo3Hukaer
€CTECTBEHHBIII BONPOC — HACKOJIBKO OJM3KO PAacCMOTPEHHBIN MOJMHOM OJIM30K
K pyHKIMU f(X) B APYruX TOYKaX, T.€. KAK BEJIMKA Pa3HOCTb

R,(x)= f(x)~ L, (x). (1.23)

JIst oTBETa Ha 3TOT BOIMPOC MOTPEOYETCs MPEANON0KUTh, 4TO QyHKIUA [ (x) UMeeT
IpOu3BOJIHbIE 10 (7 +1) mopsiaKa BKIOUMUTENbHO. [Ipy TakoM MpearnonoKeHuu st
MOTPEIIHOCTHU MOJIy4aeTCs OLlEHKa
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‘Rn (X)‘ < Mn+1 Pn+1 (X)‘
(n+1)

, (1.24)
B KOoTOpoW M, MakcuMyMm monyns (n+1)-i npous3BogHoON oT GyHKuumu f(x), a
noJauHOM P, (X) paBeH IPOU3BEIECHUIO BCEX COMHOKUTENIEH BUaa (X — X;) :

B (x) = (= x)(x = x)...(x = x,).

B wactHOCTH 1J1s1 TMHEMHON MHTEPIIOIALMHA CIIPABEIJINBA OLICHKA

ma x‘f” ‘ max‘f"(x)‘

IR ()< (x)‘\u x| < BN

W3 Bunma ¢opMyn Ui MOTPEIIHOCTH BUAHO, YTO MOTPEIIHOCTh OKa3bIBAETCS
MaJIOl NpH MalblX HHTEpBalaX MEXAy 3aJaHHBIMH TOukaMu X,. Bce opmyiisl

UHTEPIOJSIIIUYA €CTECTBEHHO YIPOIIAIOTCS JAJs 3HAYEHUH apryMEHTOB, 3aJaHHBIX
C MMOCTOSTHHBIM IIarOM.

OTtmeTuM, YTO HE CIeAyeT MPU MHTEPHOJSALUUU OpaTh OOJBIIOE YUCIO TOYEK,
JTAJIEKO OTCTOSIIIMX OT TOYKH, NI KOTOpOH TpeOyercs BBIYMCIUTH 3HAYCHHE
byHKIMM. OTa peKoMeHJalMsT OCOOEHHO OTHOCUTCS K HKCIEPUMEHTaIbHBIM
TaOJIMYHBIM JAHHBIM, ITOJYYEHHBIM C CYIIECTBEHHOM MOTPEIIHOCTHIO.

B Teopun MHTEpHONAUYU CYIIECTBYIOT U Apyrue GopMyiibl (HapuMep mepsas
u BTOpas ¢opmynsl HeroToHa). HekoTopble U3 HUX TOASTCS UMb JUISI apTyMEHTOB,
3aJJaHHbIX Yepe3 NOCTOAHHBIM war. HanmomuumMm, yto ¢opmyna Jlarpanxka cBoOonHa
OT 3TOro orpaHuyeHus. Teopus HHTEPHOISAIUHU TO3BOJSET PEIIUTh U OOpaTHYIO
3ajjauy — 110 3aJJaHHBIM 3HaUEHUSAM (QYHKIUU ) HAWTH 3HAYEHUS apryMEHTa, a TaKxKe

PEIIUTH BOTPOC MHTEPIIONAIUH 1 (PYHKITMN HECKOJIBKUX apTyMEHTOB.

B 3axmtouenme storo maparpada KOCHEMCS BOIPOCOB IKCTPAMOJISIIUM.
HamoMuuM, 4YTO TpwW SKCTpamojsiiiud HaM HEOOXOJAMMO BBIUUCIUTH 3HAUYCHHE
GyHKUUU JUTIsl apTYMEHTOB, BBIXOJSIIUX 32 MPEeibl 3aIaHHOT0 MHTEpBaja [xo, xn].

Jlist SKCTpamosiiliui MOKHO T0JIb30BaThCs TEMHU K€ (POopMysiamMH, HO TPH ITOM
clieyeT MOMHHTb, YTO MOTPEIIHOCTh MOKET OKa3aThCsl BECbMa BHICOKOM.

DTy 0COOCHHOCTH AKCTPAIOJISIUU MOHUMa U nucarenb Mapk TBen. Tak on
BBICMEUBAJl KYyPHAJIUCTOB, KOTOpble W3 TOro ¢akra, 4yTro peka Mwuccucumnu 1o
HAOJIFOICHUSIM 32 HECKOJIBKO JIET YBEJIIMYMBAET CBOKO JUIMHY, BBIUMCISIOT BpPEMs,
KOT'/Ia € BOBCE HE OBLIO.

HNanum npumep u3 Gusuku. M3BeCTHO, YTO  AJIEKTPUUYECKOE COMPOTUBICHUE
METAJVIOB YMEHBIIACTCS TPH YMEHBIICHUH TeMIepaTtypbl. Ecim orpaHuunThCs
U3MEPEHUEM  COINPOTUBIECHUA 10 TeMmmeparypsl okoimo 10K wu cpenarts
COOTBETCTBYIOIIYIO  JKCTPAMOJALMIO HAa HOJb TEMIEpPAaTypbl, TO MOXKHO
"mpoMoprats” oueHb BaXKHOE sIBJICHUE cBepxIpoBoguMocTi U HoGeneBckoi npemun
32 OTKPBITHE CBEPXITPOBOJIUMOCTH HE MOTYUHUTb.
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1.4 UccaenoBanme GpyHKUMM

B kypce wMmaremaTtuku cCpeaHE IIKOJbI TNpPU HUCCIECIOBAHUM (DYHKIHUU
paccMaTpHUBalOTCA CIEAYIOIIME BOMNPOCHI — OOJACTh ONPEECICHUS apryMeHTa,
obmactb  ompejaesieHUss  (QyHKIUH, CBoMcTBA  (QYyHKIMU  (MOHOTOHHOCTb,
NEPUOJUYHOCTb, HENPEPBIBHOCTh W JAPYrHE), AKCTPEMYMbl U HyJIH (KOPHH)

GyHKUUU.
3/1ech Mbl OTPaHUYUMCS PACCMOTPEHHUEM JIMILIb BOIIPOCOB HAXOXKIAEHUSI KOPHEH

U 3KCTPEeMYMOB (YHKILIHUH C UCTIOIb30BAHUEM MPOU3BOAHON (HYHKIMHU. DTU BOIPOCHI
U3JI0’KE€HBI BO MHOTHX Y4€OHHUKaX 110 YHCIEHHBIM MeToaaM [3, 5].
3ajaya HaXOXKIEHUSI apryMEHTOB (YHKIIUH, yAOBIECTBOPSIOUIUX PABEHCTBY

f(x)=0, (1.25)

BO3HMKAET BO MHOTMX ciydasx. COOTBETCTBYIOIIME 3HAYEHUS apPryMEHTOB
Ha3bIBAIOTCS KOpHsAMHU ypaBHeHHs (1.24). CHOXHOCTh pelIeHHs 3TOM 3a7auu
ompenensieTcss BUAOM (YHKUMUA. B IMIKOJBHOM Kypce MaTeMaTHUKd MOAPOOHO
paccMaTpUBAETCs JIMIIb BAPUAHT KBAJAPATHOIO YPABHEHUS

f(x)=ax’ +bx+c=0. (1.26)

B wmaremaTnke wu3BECTHa OCHOBHAas Teopema anreOppl O 4Yuciae KOpHEH
MOJIMHOMA (MHOTOYJICHA) CTEIICHH 71 .

f)=P(x)=ax"+a, x""'+..+a,x+ax+a,=0. (1.27)

DTa Teopema yTBEPXKAAeT, YTO YKCIO KOopHEl monuHoma (1.27) paBHO ero creneHu
C YYETOM KpPaTHOCTH KOPHEH mpH ycloBuu, yTo Kodddunuent a, # 0. Kpome Toro,
B YUCJIO KOpPHEW BKIIIOYEHBbl W KOMIUIEKCHBIE KOPHHU, KOTOpPbIE B HIKOJE TOJBKO
ynomuHatotcs. st kBazgpatHoro ypaBHeHus (1.26), Hampumep, KOMIUIEKCHBIE
KOPHM  COOTBETCTBYIOT  OTPHUIATEIbHOMY  3HAQYEHHIO  COOTBETCTBYIOLIEIO
JUCKpUMUHAHTa. Mbl HE OyJieM 3/1eCh pacCMaTpUBaTh Clydail KOMIUIEKCHBIX KOPHEH,
XOTSl B TEOPETUUYECKOM (PM3HKe OHU, O€3yCIIOBHO, pACCMATPUBAIOTCS, U OIPAHUYUMCS
CJIy4aeM JIEVCTBUTEIbHBIX KOPHEN.

AHanuTHYECKOE HAaXO0XKJIEHWE KOPHEW He BCerjaa BO3MOXHO, IOATOMY 4YacTo
UCIIOJIB3YIOT ~ NpUONMKEHHble  MeToAbl.  llpenBapurenbHblM  3TanmoMm  JUIs
IPUOTMKEHHOTO HAXOXKICHUS KOPHEH OOBIYHO SIBISIETCS dTall omoeneHusi KOpHell.
[Ipu oTneneHnn KOpHEW BBISCHAIOTCS MHTEPBAIBI apTyMEHTa, Ha KOTOPBIX (yHKIIUS
UMEET OJIUH KopeHb. VI3 CBOMCTB HEMPEPHIBHOW (PYHKIIUHU CIEYET, UYTO HAa MHTEpBAJIC
[a, b] CYIIECTBYET TOJBKO OJWH KOpeHb, eciau f(a)- f(b)<0 (dbyHkius umeer

pa3Hble 3HAKM Ha KOHIAX MHTEpBajia) U (yHKUUA HA 3TOM MHTEpBajie MOHOTOHHA.
OrMmeTuM, YTO NpH HAIWYMU MOHOTOHHOCTH f'(x,)#0. HaliTn wHTEepBambl, Ha
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KOTOPBIX BBITIONHSIOTCS YHOMSHYTBIE YCIOBHSA, IMOMOTAaeT BO MHOTHUX CIIydasx
BCIIOMOTATeIbHAs 3ajlaya O TIOWCKE KOpHEH ypaBHEHHUS IS MPOU3BOJHON OT
byHKIIIH

S'(x)=0. (1.28)

WUnmoctpammeii  k  ckasammomy |/ &)
asisierca puc. 4. Ha pucyHke ormedeHsl
4eThIpe 3HAYCHUs apryMeHTa a,, d,, d,, d,,

B KOTOPBIX NpPOM3BOAHAS (YHKIMH pPaBHA
Hymo. Ha wunrepeane [q,, a,| Haxommurcs

OJUH KOpEHb X=X, TaK KaK (QyHKIUI

BHYTPH OTOTO0 HWHTEpBajla MOHOTOHHO
BO3pAcTacT W 3HAKW 3HAUCHUU (YyHKIIMU Ha J X1
KpasX d3TOr0  HHTEpBaJa  Pa3JIMYHBI.
AHaJIOTUYHBIC BBIBOJIBI OUECBUIHBI JIJIS IBYX
CJIEIYIOIMMNX UHTEPBAJIOB.

Ilocne 9arama otToeneHus KOpHEU
BBITIOJIHSIETCA  ATall  YTOYHEHUS KOPHEH.
Cy1ecTByeT HECKOJbKO METOJIOB YTOYHEHHS KOpHEW — Tpaduueckuii, MeTona
JTUXOTOMUHM (JIeJIeHus Iorojam), MeToa HeroToHa (MeTona KacaTelbHBIX), METO]
MOCJIEI0OBATENbHBIX MPUOIMKEHUM, METO XOpA (METO MPOMOPIUOHATBLHBIX YacTei)
U ux komOuHanuu. OnuiieM HanboJiee MPOCTOM U3 HUX — METOJ TUXOTOMHUU. MeTo
IIPOCT IO UJIe€ U OIEHKE MOTPEITHOCTH.

CuuTas, 4TO Ha WHTEpPBAJIC [a, b]cymeCTByeT onuH KopeHb u f(a)- f(b)<0,

e

Puc. 4. Kopuu dysxmmn (x,, x,, x;)
u

B METOJIE  TUXOTOMHH BBIUMCISIETCS  cepenuHa wuHTepBaia ¢ =0,5(a +b)
u cooTBeTcTByONee 3HaueHne (yHkmuu f(c). Ecmm  f(c)=0, xopeHp HaiijeH.
Ecmu  f(a): f(c)>0 (coBmamaroT 3HAKU COOTBETCTBYIOIIMX 3HAYCHHI), JIEBOE
3HaueHHWEe HHTepBajia 3ameHsiercss Ha c¢. Ecim  f(a)- f(c)<0 (pa3nuyHbl 3HAKH

COOTBETCTBYIOIIMX 3HAYEHUI ), IPaBO€ 3HAYCHNUE NHTEpBaja 3aMeHsercs Ha c. Ilocie
TaKOW MPOLEAYyPbl UCKIIFOYAETCA U3 PACCMOTPEHUS MTOJIOBUHA HHTEPBAJIA, HA KOTOPOI
HeT KopHs. CrnenoBaresbHO, IPU TAKOM MHpOLEAype HMHTEpBal, Ha KOTOPOM €CTh
KOpEHb, COKpalaercs Basoe. OnucaHHas npoueaypa MmoBTOPsEeTCs A0 TEX MOp, MoKa
BEJIMYMHA WHTEpBaja HE CTAaHET MEHbIIE 33JaHHOW BEIUYHMHBI MOTPEIIHOCTH.
OdeBHIHO, YTO MOCJIEC 7 TOBTOPEHHMI Ha4yaJIbHBIN MHTEpBal COKpamiaercs B 2" pas
(3TOT (haKT ABJISIETCS JOKA3aTEIBLCTBOM XOPOIIEH CKOPOCTU CXOAUMOCTH METO/A).
[upokoe pacnpocTpaHEHHE MEPCOHAIBHBIX KOMIBIOTEPOB  IMO3BOJIAET
UCMOJIb30BaTh €Ille€ OJAWH MeEToA. B 3TOM MeToje B LUKIE MO [ BBIYUCIAIOTCA
3HaueHuss QyHKUMM Y, = f(a+ih) U OTCIEeXUBAaeTCS MOMEHT CMeHbl 3Haka. [lpu

OOJIBIIMX 3HAYCHHUSAX IlIara /2 METOJ MO3BOJIACT OTICIHWTH KOPHH, a MPH MAaJbIX —
NOJTyYUTh MPUOIMKCHHOE 3HAUYCHWE KOpHsA. OTMETHM, YTO ONKMCAHHBIC METOJBI HE
roasaTres anus ciydas, korma f(x)=f'(x)=0. Dror caywaii TpebyeT ocoboro
HOJIXO/1a.
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KpaTko kocHeMcs BOIIPOCOB MOMCKA HKCTPEMATbHBIX 3HAYEHUH (YHKLIHUH Ha
3aJIJaHHOM UWHTEpBaJIe [a, b]. OKCTpeMaJIbHbIE 3HA4Y€HUs JOCTHIalOTCs WIA Ha

KOHIIAX MHTEpBaja, WM B TOYKAX C PAaBHBIMU HYJII NPOU3BOJHBIMU. OITO
00CTOSITENILCTBO €II€  pa3 MOATBEPKIAET IIEHHOCTh BCIOMOTAaTENbHON 3a7auu
0 MOUCKE KOpHEH ISl MPOU3BOTHOMN (QYHKIIUU.

B 3axmroyenue storo maparpada KocHEMCsl MpoOJeMbl MOUCKA IKCTpEMyMma
(GyHKIMH MHOrux mnepeMmeHHelx @D(x,, X,, ..., x,). JlocTaTo4HO paccMOTpeTh

npoOjieMy TOHWCKa TOJIbKO MHUHHMyMa, TakK Kak mpoOjieMa MOuCKa MaKCUMyMa
CBOAMUTCS K TmpoOiieMe NOouCKa MHUHUMyMa Uil (YHKIMM CO 3HAaKOM MUHYC.
Paznuuaror munumymer  nokanvuvle U 2nobanvHvie.  JIOKAIBHBIM ~ MHHUMYM
JIOCTUTAETCS B YACTH MOJHON 00J1aCTH MepeMeHHBIX. JIOKanbHBIX MUHUMYMOB MOXKET
OBITh HECKOJIbKO. MUHUMAaIBHOE 3HAYEHHUE CPENId BCEX JIOKATbHBIX MUHUMYMOB JaeT
1J100aJIbHBIA MUHUMYM.

Bce meroabpl HaxoXAEHUST MUHHUMYMOB MPEANOJIAralT, YTO OTBICKUBAETCS
JOKaNbHbIA MUHUMYM. CyIlleCTBYeT HECKOJIbKO METOJIOB OTHICKAHUS MHUHUMYMOB
(GYHKIIMM MHOTHX TEPEMEHHBIX. YCIEX 3THUX METOJIOB 3aBUCUT CYIIECTBEHHO OT
cinoxHocTH (yHKIMHA. MBI HE Oy/eM BAaBaThCA B MOAPOOHOCTH ITOW MPOOJIEMBI H
OMUIIEM TOJbKO OJWH BEChbMa IMOMYISPHBI METOJl OTHICKAHWS MHUHHUMyMa C
WCIIOJIb30BaHUEM BaXKHOTO MOHATUSI B (PU3UKE — 2padueHma QyHKyuu.

JanpHeliee U310KeHUE Oy1eM BECTHU, MPEIoaras, 4To Yucjao HE3aBUCUMBIX
MEePEMEHHBIX (DYHKIIMM PAaBHO YHUCITY KOOPJMHAT TPEXMEPHOro mpocTpaHcTra. [Ipu
ATOM YNPOUIAETCS reoMeTpruUecKasi HHTepIIpeTalusi METo/1a.

Uto ’xe KacaeTcsi MaTeMaTHKH, TO B HEH YUCIO HE3aBUCHUMBIX IMEPEMEHHBIX
MOXKET OBITh JIIOOBIM U 3TU MEPEMEHHBIE MOTYT OBITh COBEPIIEHHO Pa3HOU MPUPOIBI.
3amMeTuM, 4YTO Ciy4ail JBYX TMI€PEMEHHBIX TO3BOJISIET JaTh TreorpaduyecKyro
uHTepnperanuo Merona. [Ipu 3ToM 3HaYeHUIO (DYHKIIMU TMPUIIKMCHIBAETCS BHICOTA
penbeda. U BoigcHsETCS, YTO penbedbl MOTYT OBITh KOTJIOBAHHOTO HIIM OBPAXKHOTO
tuna. Jlis penbedoB KOTIOBAHHOTO THIIA BCE METOJBI XOpOIW, a I pelbeda
OBPaXHOT'O HY>KHBI 0COOBIE YXUIPEHUS.

BexTop rpanuenta GyHKIMHN TpeX MEPEMEHHBIX BBIUUCISETCS 10 (GopMyIie

G = grad®(x, y,z) =VO(x, y,2) =1 aacp +] D, po® : (1.29)
X

oy oz

—

rae i, j, k — eTMHUYHBIE BEKTOPHI BIOJIb COOTBETCTBYIOIIMX OCEH KOOPAMHAT.
®opmyna (1.29) nokazpiBaeT criocoO BHIYUCICHUSI BCEX KOMIIOHEHT BEKTOpA,

KOTOPBI Mbl 00O3HAYMIIA KaK G . KakoB cMbICIT [1apaMETPOB ITOTO BEKTOpA — €ro
HallpaBJICHUs] W BeJIMYMHBI? BekTtop rpaaueHTa HampaBi€H B  CTOPOHY
HauCKopeiero Bo3pactanus (PyHkiuu. BenuuunHa TpagueHTa  MO3BOJISIET
ONpeNeNuTh A00aBKYy K (PYHKIMH, €CIM MbI CAEJIaéM MaJblid IIar B HAMpaBlIEHUU
rpagueHTa. Ecmu MBI chemaeM Takoi Ke miar B JPYyroM HampaBlICHUH, (OYHKITHS
yMEHBIUTCS. TO €CTh CTENeHb BO3pacTaHus (PYHKITMU NMPU U3MEHEHUU KOOPJUHAT B
HaIlpaBJICHUU TPAJMEHTA ONMpPEACISIETC BEIMUMHON rpaareHTa. CiaeqoBaTenbHo, pa3
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HAC MHTEpECYeT MUHUMYM, HaJ0 C MaJbIM IIaroM JBUIAThCS B CTOPOHY, OOPaTHYIO
IPaJUEHTy. OTU WAEH NPHUBOAAT K METOAY T'PaJUEHTHOIO CIyCKa (3HAK MUHYC
Y TIPUBOJIUT K CMEILIEHUIO B CTOPOHY MPOTHUB IPAJAUECHTA):

P=F —h-VO(F), (1.30)

n+l

rae 7(x,y,z) — BEKTOp TPEXMEPHOTO TMPOCTPAHCTBA, HWHIEKC # — HOMEP
npubsvkenus; h(h ., h,, h.) — BeKTOp CMELICHHS.

®opmyna (1.30) BexkTOpHass U MOTOMY B MOAPOOHON 3aIUCU COOTBETCTBYET
YHCITy IEPEMEHHBIX. B cilyuae Tpex nmepeMeHHbIX uMeeM TPH (OPMYIIbL:

0D(x,,y,,2,)

'xn+1:'xn_hx
ox
0D(x,,y,,z,
yn+1:yn_hy ( "y” )9 (1.31)
y
Zn+1 = Zn - hz 6(D(x"’y”’zﬂ).
0z

[Maru B dopmynax (1.31) AOMKHBI OBITH MaJbIMH, HO OHH MOTYT OBITh
paBHbIMH. ONHWCAaHHBIA  aNTOPUTM  JIOJDKEH OBITH  JIOTIOJIHEH  KOHTPOJIEM
nocienoBaTeNbHOr0 yObBaHus QyHkiuu. [Ipu Bo3pacTanwm (QyHKIUH JOTHKEH
BBINOJIHITBCS. BO3BpAT K Ipenplnyiieid Touke. IlomyueHHOEe 3HaueHUE MOXKET OBITh
OOBSIBIICHO MPUOIMKEHHBIM 3HAYEHUEM JIOKAIBHOIO MUHMMyMa (DyHKIHH. MOXXHO
TaKk)Ke MPOJODKUTh YTOYHEHHUE IIOJyUYEHHOTO 3HAYCHUS, HO YK€ C MEHBIINMHU
Iaramu o Koopauuaram h, h, h, .

1.5 ®opmyaa Teitsopa

Oty popmyny nomyuun B 1712 (omybaukoBan B 1715) rony yuenuk HproTona
Bbpyk Teitnop. Hpl0TOH nepBbIM OLIEHUIT PAKTHYECKYIO 3HAYUMOCH 3TOI (OpMYIIbI U
HIMPOKO ee ucnoib3oBail. @opmyna Teisiopa Mo3BoJISIET MONYUYUTh TPUOIMKEHHYIO
3aBUCUMOCTb JIIOOOM aHAIMTHYECKOW (YHKIMM B BHUAE MOJIMHOMA BOJIU3H
BbIOPAaHHOW «ONOPHON» TOUYKU X,. MHBIMU cioBaMu, (QyHKLHs BOJU3U ONOPHOU

TOYKHU 3aMCHIATCA ITIOJITMHOMOM. CDOpMyJIa HUMCECT BU]
X — X, , X—X 2 " X—X 3 "
£ = S )+ S8 gy ¢ SR oy B0 gy 132)

Kak Bugno us ¢opmyns (1.32), xoddduuuents npu cremeHsx (x —x,)*

POIOPIMOHATLHEI k- TMPOW3BOJHON  OT (PYHKIIMM B OMOpHON TOouke. BaxkHo
IIOHATh, YTO MPU MalbIX OTKIOHEHHUSX OT OINOPHOM TOYKM MAajo€ YHCIO
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COXPAaHEHHBIX CllaraéMbIX B JTOW (¢opMylie JaeT HemIoXoe MNPUOINKEHHIE

K QyHKIUY.
Crporoe onpenenenue popmysl Teinopa gocturaercs hopmyion

J(x)=F,(x)+r(x), (1.33)

riae r(x) — ocraTouHsli uieH; P (x)— mHoroudneH Teitnopa,
n £
O S O (1.34)
k=0 .

IIpn n =00 mHOrounen Tewnnmopa Ha3biBaeTcs psaoM Tennopa. JlocraTouyHbIM
YCIOBHEM CXOAMMOCTH 3TOro psifa K GyHkuuMu f(x) Ha uHTepBane (x, —h, x,+h)

SBJISIETCSI OTPAHMYEHHOCTH BCEX €€ MPOU3BOIHBIX HA ’TOM MHTEpBAJIE.

[Ipu otOpackiBanum ocratounoro wieHa B Gopmyne (1.33) momydaem
MpUOIKEHHOE 3HAaYeHUE (YHKIIMA W BO3HUKAET BOIPOC O BEIUYMHE OCTATOYHOTO
yieHa. CyIecTByeT HECKOJbKO OIICHOK OCTAaTOYHOTO WIEHA, TOJyYEeHHBIX
MaTeMaTuKamu npornuioro. [Ipuseaem aBe u3 HUX.

Onenka B ¢dopme [leaHo roBopuT 0O XapakTepe 3aBUCHMOCTH OCTAaTOYHOTO
4JICHa OT Pa3HOCTH (X — X, )"

()= 0((x—x,)"). (135)

3anuce (1.35) yrtBepxkmaer, yTo mnorpemHocTh (opmynsl Teinopa mnpu
OTOpAachIBAHUM OCTATOYHOTO WieHa YOBIBAC€T NPONOPLUOHAIBHO AH-U CTENEHU
pasHOCTH (X —X,).

bonee monHble cBeaeHUS O BEIMYMHE OCTATOYHOIO 4WieHa JaeT (opmyna,
nony4deHHas Jlarpanxem:

A (3
r(x)= i) (x—=x,)"", &e[xo,x]. (1.36)

OtmeTuM, 910 B 3TOM opMyre nmpou3BoaHas (n+1)-Tro mopsaka BEIYUCISICTCS
HE B OMOPHOM TOYKE, a IJe-TO BHYTPHU MHTEpBaja [x, xo]. [ToaTOMy OlieHKa CBEPXY

JUIST MOJYJISl OCTaTOYHOTO YJI€HA MOJy4aeTCs MPH 3aMEHE HTOM MPOU3BOJHON €€
MaKCUMaJIbHbIM 3HAYE€HHEM II0 MOZYJII0, a IPU BBIYUCIECHUHU MPOU3BOJHOMN
B OTIOPHOM TOYKE MOJTydaeTcsl NpUOIMKEHHOE 3HAU€HHE OCTATOYHOTO YJICHA.
®opmyna Teitopa MO3BONSET HM3yUYEHHUE pPsAlla CBOMCTB (PYHKIIMU CBECTH
K CyIIECTBEHHO 00Jiee MPOCTOM 3a/1aue U3YUCHHS 3TUX CBONCTB Y COOTBETCTBYIOIIETO
MHoOroujieHa. Ha 3ToM OCHOBaHO pa3HOOOpa3ue MHOTOYHUCIEHHBIX MPUMEHEHUMN
@opmynbl  Teitmopa s BBIYMCICHUS TpeAesioB (YHKIHM, HCCIeOBaHUE UX
OKCTPEMYMOB, TOYEK Tieperu0a, WHTEPBAIOB BBINIYKIOCTU W  BOTHYTOCTH,
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CXOAMMOCTH PSIOB U HHTETPAJIOB, OLICHKA CKOPOCTH CXOJUMOCTH WJIU
PACXOJUMOCTH.

YacTHbIM, HO BECbMa PaclpOCTPAaHEHHBIM ClIy4yaeM psja Teinopa sBisercs
psn, HasblBaeMbIM MHOrna padom  Maxnopena. CoOTBETCTIBYIOIIKAE (DOPMYJIBI
MOJTy4aroTcs U3 (pOpMyJs1, IPUBEIEHHBIX BBIIIE, MPU MPEATNOIOKEHUH, YTO OMOPHAs
Touka x, =0.

[IpuBenem mpuMepbl pa3ioKeHUs HEKOTOPBIX GYHKIIUN B psij MakiopeHa:

2 n
e =l x+ o+ (1.37)
2! n!
3 2n+l
Sin(x) = X — o (1) (1.38)
3! (2n +1)!
x2 x2n
cos(x)=1——+...+(-1)" + ... 1.39
() o (-1 2 (1.39)

B mpuinoxeHusx O4eHb 4acTO OTPAHWYMBAIOTCS MAJBIM YHCJIOM CIIaraeMbIX
B pa3ioxkenun ¢yHkuuu B psan Teimopa. IlpuBenem B kadecTBe mpuMepa 3agady
o koneOaHussx MmastHuka. JuddepeHnuanibHoe ypaBHEHWE IBIKEHUS MasTHUKA
UMEET BUT

¢+ w; sin(p) =0, (1.40)

IIe (0 — YroJl OTKJIOHEHUSI MasiTHUKa OT BEPTUKAIU B pajJiMaHax; y — COOCTBEHHAas
[UKJIMYECKas YacTOTa KoJieOaHUM MasiTHUKA ITPU MaJIbIX OTKJIOHEHUSIX OT BEPTUKAIIH.

Huddepennmansuoe ypaBuenue (1.40) siBnsercss HenuHeHHbIM. OcTaBiisis B
pasnokeHuH Sin(() JHIIb TEpBoe ciaraeMoe (Sin(@)~ @), MmoxydaeM JTUHEHHOE

muddepeHnnanbHOe ypaBHEHHE. PelieHune JMHEapu30BaHHOTO TaKUM 00pa3oM
ypaBHEHHUA JIETKO HaxoauTcs. OcTaeTcsi BBICHUTH MOTPEIIHOCTh TAaKOH 3aMEHBI.
Bocnonssyemcs amns atoro ¢popmynoit Jlarpanxa:

sin(§) , ¢’
L9 141
n P (1-41)

()=

OT0 o11eHKa a0COIOTHOM MOTrPemHOCTH. J{J1sl OLlEHKH OTHOCUTEIBbHOM MOTPEIIHOCTH
HaJl0 MOJENIUTh 3TO 3HaUeHHe Ha yroia ¢. TpeOys JUisi OTHOCUTEIBHOM MOrPEIIHOCTH
BenUUMHY MeHee 1 %, HaXoAuM, 4TO Hallle pelIeHUuEe XOPOUIO ONMHUCHIBAET KOJIeOaHUs
IpH yriiax

©<4/0,02~0,1414~8,1°. (1.42)
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Bo MHOTHX (hopMynax crenuanbHON TEOPUH OTHOCUTEIBHOCTH TMPHUCYTCTBYET
BBIPAXEHUE

(1.43)

WIN ero o0paTHOe 3HaueHHe. B 3TOM BBIpa)KEHUH V — CKOPOCTh CHUCTEMBI OTCUETa
WIH CKOPOCTh T€Ja, a ¢ — CKOPOCTh cBeTa. [Ipu BBHIMOJIHEHMM HEpPaBEHCTBA V K ¢
UCTIONB3YIOT BMecTO (1.43) ero npubiamKeHHOE 3HAYEHUE, TTOJTy4aeMOe C MOMOIIBIO
psana Teinopa (Maknopena). Jlig monydeHus 3Tod (opmyiibl yJI0OHO clenarhb
3aMeHy €=V’/c¢’ u Bocmonb3oBaThcs (opmynoit (1.32). B pesynsTare 3THX
orepanuii moixy4aercs: popmya

2

yzx/l—szl—g—%+..., (1.44)

U3 KOTOpou BUAHO, uTo nipu € < 0,04 TpeThe ciaraeMoe MEHbIIIe BTOPOro Oojee, 4eM
Ha JBa TOPSAKA, M MOTOMY MOKHO OTIPAaHUYMTHLCS JIMIIL MEPBOM MOMPABKOW U

cyuTarb, 4TO

2
1%
-~

yrl—g=1- (1.45)

2c

1.6 Pax ®@ypoe

[Tepuonnueckyto (QyHKIMIO OYEHb YAacTO TPEICTABISIOT B BHIE TaK
Ha3bIBaeMoro psoda @ypve. DTO TPENCTaBICHHE TO3BOJSET BBISICHUTH CIHEKTP
nepuoanueckoii  ¢yHkiuu.  COOTBETCTBYIOIIEE  MPEACTABICHHE  COCTaBIISIET
COJIEp)KaHUE 2APMOHUUECKO20 AHAU3A.

Teopusi rapMOHUYECKOTO aHadM3a YTBEPHKAAeT, UTO Jt00ask MepUoanUYecKast
bynknus f(¢) ¢ mepuogom T, &mis KOTOPOW CYIIECTBYET KOHEYHOE 3HAYCHHE

MHTErpasa

T/2

[ |rolde, (1.46)

-T/2

MOJKET OBITh MPEJCTaBICHA CXOAAIIMMCS psiioM Dyphe:
a, ~ .
f()= Py + Z:(akcos(koo0 1)+ b, sin(kw, 1)), (1.47)
k=1

rae a,/2 — cpenHee 3HaueHUE PyHKIUM; ©, — LIUKIMYECKas 4acToTa, o, =271/T.
Koaddunments psana @ypbe BHIYUCIAIOTCS 110 HOpMYyJIaMm:
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2 T/2 2 T/2
a, == j f(t)cos(kw, 1)dt, b, == j £ (0)sin(ke, 1)dr . (1.48)
T -T/2 T -T/2

Homep rapmonuku k omnpenenser COOTBETCTBYIOIIYIO YacToTy, paBHyw k/T,
M aMIUIITYIy C, =+/d; +b, . B MaTeMaTHuecKOM aHaIM3e JOKA3bIBAETCS, UTO

UHTErpupyemas QyHKIUsI OJTHO3HAYHO OMNpeaessieT cBou KO3 OUIIMEHTHI (UK CBOE
Dypve-npeobpazosanue). CrpaBeyiIiBO W o0paTHOoe — npeodOpa3zoBanue Dypwe
OJIHO3HAYHO OTpeeseT (PyHKIIHIO.

['apMoHHMUYeCKH aHaIW3 MO3BOJISIET HE TOJIBKO OIPEIECINUTh CHEKTPaJIbHbBIN
COCTaB NEPUOAMYECKON (PYHKIMHM, HO U NPUOIMKEHHO pellaTh pa3linyHble 3aJauu
MaTeMaTHYECKON (PU3UKH.

2 HIOI'PEINHOCTD BBIYUCJIEHUA @ YHKIINN

[Ipexne yeM 00CyKAaTh MOIPEIHOCTb, CBI3aHHYIO C HETOUHOCTBIO
OKCIEPUMEHTAJIBHBIX JAHHBIX, OIUIIEM MaTEMaTUYECKYIO [IOTPEITHOCTD IIPU
BblunciaeHnH pyHkuuid. HazoBem uncio a npuOImKeHHbIM 3HaUeHHeM Jucia 4
a~ A ( ) Y y4TEM, YTO B JAJIbHEUILIEM IIPHU BBIYUCICHUIX BMECTO
TOYHOTO

3HaueHusa OyJeT HCIONb30BaThCsA ero npuompkeHue. Eciu a < A, TO a Ha3bIBalOT
NpUOIMKEHUEM K TOYHOMY 710 Hedocmamky, €clid, HaoOopoT, a > A, TO — no
u3ovimrky. OmubOka WM TOTPENTHOCTHh MPUONMKEHHOTO 3HAYCHHS OIPEACIISICTCS
:}OBTCOHSap Aa=A—-a . (1 49)

N3 3TOTr0 onpeneneHus cienyer, 4To

A=a+Aa. (1.50)

Yacto 3HaK OMIMOKM HEU3BECTEH, W TMOTOMY LeJIecoo0pa3HO BBECTHU
a0COJIIOTHYO MOTPELIHOCTb

A=|Ad|. (1.51)

JIOBOJIEHO YacTO HEW3BECTHO M CaMO TOYHOE 3HAYCHHE, U B 3TOM CIIy4dae HET
BO3MOXHOCTH BOCIOJIb30BaThcs Gopmynoir (1.49). Torma BBOmAT npedenvHyto
abconomuyio nozpewnocms A

A>A. (1.52)

B kadecTBe TNpeaeNbHON aGCONIOTHOM MOTPEIIHOCTH A JIOTMYHO BHIOpaTh
HAaWMCHBIIICE 3HAYCHHE, YIOBJICTBOPSIONICE O3TOMY HEPAaBEHCTBY. BBemeHHas
BEJIMYMHA TIIO3BOJIIET YTBEp)KJAaTh, UYTO TOYHOE 3HAYEHUE YJIOBJICTBOPSECT
HEPaBEHCTBAM

a—A <A< a+A. (1.53)



Yr1Bepxkaenune (1.53) 3anuchiBatoT 0OBIYHO B BUJIE

A

atA. (1.54)

AOGCOMIOTHAS IOTPEITHOCTh HE IOCTAaTOYHA [T XapaKTEPUCTHKH MOTPEITHOCTH
M3MEpPEHUs] WM BBIYUCICHUSA. {11 XapaKTEepUCTUKU MOTPEIIHOCTH M TOYHOCTH
BEJIMYMHBI CYIIECTBEHHA NpeOeibHAs OMHOCUMENTbHASA NOSPEUHOCTb

< A
d=—~

4]

| >

(1.55)
a

Hcnonp30BaHne BBEIEHHOW OTHOCHTEIBHOW TMOTPEITHOCTH  TMO3BOJIAET
3anucath Gpopmyny (1.54) B uHOM BU/IE:

A=a (1£59). (1.56)

[lepeunciiM OCHOBHBIE HCTOYHUKHU MOTPEITHOCTH.

1. ITorpemHOCTH, CBSI3aHHBIE C NOCTAHOBKOW MAaTE€MATHUYECKOM 3a7a4yu
(mOTpEenTHOCTh 3a/1a4n).

2. IlorpemHocTh, CBsi3aHHAs C HaJW4YUMEM OECKOHEYHOTO YHWCia ClaraeMbiX
B (hopMyJiax MaTeMaTUYECKOro aHanu3a. [[puMepoM MOKET CIyKUTh UCIOJIb30BAHKE
paznoxxenust GpyHkuuu B psan Teitnopa. CooTBETCTBYIONIAS MOTPEIIHOCT BOZHUKAET
3aMEHOI 0ECKOHEUHOT'0 YHMCIIa CJIaraéMblX KOHEYHBIM YHCIOM. TaKylo MOrperHocTb
Ha3bIBAIOT OCMAMOYHOU.

3. [lorpemHocTb, BOZHUKAIOIIASI C UCTIOJIb30BAHUEM MPUOIMKEHHBIX 3HAUEHUN
napaMeTpoB 3aaauyd. [IpuOMMKEeHHBIMM 3HAUYEHUSMHU TapaMEeTpOB  SBISIOTCA,
HampuMmep, Bce (U3MUECKUE MOCTOSHHBIC. Y CIOBUMCS 3Ty MOTPEIIHOCTh Ha3bIBATh
HAa4YaJIbHOM.

4. ITorpemiHOCTh, CBSi3aHHAs C CUCTEMOW cuHcieHus. IlpuMepoM Takon
MOTPEIIHOCTA MOXET CIYXHTh, Hampumep, aApodb 1/3=0,3333(3) B necsaTU4HOM

cucreme cuuciieHus. OrpaHU4eHHOE YHUCIIO UCIIOJIb3YEeMbIX HU(P AaeT MOTrPelIHOCTb,
KOTOPYIO MOXHO Ha3BaTh NOTPELIHOCTHIO OKPYIJICHHUS.

5. [lorpentHocTh, CBsI3aHHAS C BBHITIOJIHEHHEM apu(PMETHUECKUX OTepaIuil.

IIpn pemieHMr KOHKPETHOM 3aJa4d 4YacTh NOTPELIHOCTENM OTCYTCTBYET WU
npeHeOpexumo mana. Ho, BooOIie roBops, JUisi TOJHOTO aHAIHW3a IMOTPENTHOCTH
CJI€y€eT YUYUTHIBATh BCE BU/bI MOTPEITHOCTH.

VKaxkeM CBsI3b MOTPEUIHOCTH C MOHATUSAMU — 3HaAuawjas yugpa M yucio
8EpHbIX 3HAKO0G, TIPEANOJIArasi, 4To HCIIOJIb3YETCS NECATUYHAS CHCTEMA CUUCIICHHS
1J1s 1300paXKeHus yucia ¢ n uuppamu o, :

a=o, 10" +a, 10" +. . +a, 10", (1.57)

m—n+1
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Bce coxpansembie necstuuHble 3Haku B 3anucu  (1.57) Ha3zbIBaroTcs
3Havawumu. PaccMoTpuM npumep. B cOOTBETCTBUM € 3TUM ONPENEIICHUEM B 3aAIIUCH
yucia 0,006030 3HavamuMu SIBJISIIOTCS BCe TocieaHue yetbipe mudpsr 6, 0, 3, 0.
[lepBbie Tpu HMQPHl 3HAYANTUMU HE SBIAIOTCA. Pa3zyMHO uucino 3Hadamux mudp
CBS3aTh C NOTPEIIHOCTHIO. B MCIIOJIB30BAaHHOM NPUMEPE YKA3aHUE MTOCIHEAHETO HYJIS
MOJTYAITMBO TIPE/IONAraeT, YTO MOrpemHocTh Meree 10°. 3amuch B OTBETaX JTHITHUX
3HaYalUX UU(p TOBOPUT O HErPAMOTHOCTH BbIUUCHHTENA. I MoIYepKUBaHUS
3TOro (hakTa v BBOJAT MOHSATUE BEPHBIX 3HAKOS.

['oBOpSAT, UTO 7 TEPBBIX 3HAYAIUX LU(PP MPUOIMKEHHOIO YHCIA SBISIOTCS
BEPHBIMH, €CJTU a0COIOTHAS TOTPEIIHOCTh ATOTO YMCiIa HE MPEBOCXOUT MOJTOBUHBI
paspsiia, BBIPAXEHHOTO 7-0M 3Havamen uudpoit. DTo ompenereHUe MNPUBOIUT
K HEPABEHCTBY

A:\A—a\sélom"”l. (1.58)

Ipumep 1. lnsg A = 35,97 uucno a = 36,0 umeeT Tpu BepHbIE TUPPHI, TAK KAK
A:‘A—a‘:0,03<%10‘1, m-n+l=-1, m=1,n=3.

VKe NpUBEAEHHBIN IPUMEDP TOBOPUT O TOM, UYTO IOHATHE «71 BEPHBIX 3HAKOB)»
HE ClleZlyeT MOHUMaTh OyKBasbHO. [laauM Ui WUTIOCTpaIMKM CKa3aHHOTO elle OJNH
IpUMep.

IIpumep 2. Ilycte A =8, a nmpubamxeHHoe 3HadyeHue a = 7,996. Hu ongna
mugpa NpuOIMKEHHOTO YHUClIa HE coBOaaaer ¢ umudpoi 8 touHoro yuciaa. Tem He
MEHee TMpUONMKEHHOE 4YHUCIO HMMEeT TpU  BEpPHBIX 3HAKa, TakK  Kak
A=0,004<0,005=0,5-10".

3ameTuM, yTo MHOrAa B HepaBeHcTBe (1.57) Bmecto 0,5 mumyTt 1 u B 3TOM
CJIy4ae IOBOPAT O YHUCIIE BEPHBIX 3HAKOB B WUPOKOM cmbiciie (IPU UCTIOJIb30BAHUU
koaddunmenta 0,5 — B y3xom cmvicre).

CyuiecTByeT meopema 0O CBSI3U NOTPEIIHOCTH C YHMCIOM BEpPHBIX 3HaKoB. OHa
YTBEPXKJIAET, UYTO IMOJIOKUTEIBHOE YHCIO @ HUMEET 7 BEPHBIX 3HAKOB B Y3KOM
CMBICJIE, €CJIM OTHOCUTEINIbHASI IOTPEIIHOCTh 3TOr0 YUciaa

1
O<——, (1.59)
o, 10
rae o, — nepsas 3Hayamas nudpa uucia a.
3ameuanuss K TeopeMe. BenuuuHy oOTHOcHTenbHOM mnorpemHoctd B (1.59)

MOXHO IIPHHATH 3a IPCACIIBHOC 3HAYCHUC OTHOCHUTEJIbHOM IMOTPCIIHOCTHU 0. HpI/I
YHUCJIC BCPHBIX 3HAKOB 71 0oJice 2 MOKHO TTOJIOKHTH

1

§-—L
2a, -10"

(1.60)
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PaccmoTpum npruMeps IPUMEHEHUS TEOPEMBI.
IIpumep 3. UYemy paBHa mOpenenbHAass OTHOCHUTENBHAS  MOTPEIIHOCTH
[PEICTABJIICHU BMECTO 4yucia m 3HadeHus 3,147 B srtom mpumepe o, =3, n=3.

CrenoBarensHo, 10 popmyine (1.59) §=1/(2-3-107")=1/600=1/6 %.

[Ipumep 4. CKOJIBKO 3HAKOB CJIEYET COXPAHUTh TP U3BICUCHUU V30, aro6sl
OTHOCUTENbHAsi morpemHocts He npesbimana 0,001 (0,1%)? B stom mpumepe
o, =5. o gopmyie (1.60) 0,001 =1/(2-5-10"")=1/10", n = 3.

B 3akmiouenwe oToro maparpadga gaauM  oOmyro  (Gopmyidy OLEHKHU
MOTPENTHOCTA Tpu BbrumcieHnn ¢GyHknuu. [lycth BHauane TpeOyeTcs BBIYHCIUTH
3HaueHUE (PYHKIIMU OJHOTO aprymeHTa f(x) Tpu 3HAHUU, YTO APTyMEHT HMEET

norpemHocTh Ax . Bennunna norpemHoctd GyHKIIMM paBHA PA3HOCTH:
A = f(x+Ax)— f(x). (1.61)

JIJIsT OLIEHKH ATOW BEJIMYWHBI CIEIYET Pa3inokuTh PpyHKIu0 f(x+ Ax) B psan

Tensopa OTHOCUTENBHO ONOPHOW TOYKM X M OIPAaHUYUTHCSA MEPBBIM OCTABIIMMCS
ciaraeMbIM. BeITosHeHre ATUX IEUCTBUM TaeT TPUOTHKEHHYIO (HOpMYITY

Af ~Ax- f1(x). (1.62)

dopMmyIra TeM TOYHEE, YeM MEHBIIC BEIMYUHA ITOTPEITHOCTH apryMEHTA.
B caydae ¢yHKIIMHM HECKOJIBKMX MEPEMEHHBIX C 3aJIaHHBIMH ITOTPEIITHOCTSIMHU
Ax.(i=1, 2, ..., n) IMeeM 10 aHaJIOTUH

Afzfmijl. (1.63)

J71s1 OLIeHKH MOJTyJIsl TOTPEIIHOCTH OEpeTCsi CyMMa MOJTyieit

Ay &
A~ . (1.64)

i

4]~

JInd  OLEHOK NpEeAeabHOW OTHOCUTEIBHOM IIOIPEIIHOCTH  BBIYMCIICHUSA
(yHKUMY TPUHUMAIOT BEJIMYUHY

=
Y

|
i Q
Sk
NB

Z

=1

—lnf Ax‘ (1.65)
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Paccmorpum  mpumep mnpumenenus ¢opmynbl  (1.65). Ilycte TpeOyercs
OIICHUTH IOTPEITHOCTh BBIYUCICHHUS (DYHKIIMU NIBYX IMEPEMEHHBIX IMPH 3HAYCHHUIX
x=4+0,2, y=0,4+0,01,ecim  f(x,y) =x"-sin(y). CormacHo (1.65) umeem

Ax-2x-sin(y) =1,6sin(y) =1,6-0,4=0,64,
Ay -x*-cos(y)=0,01-16cos(y) =0,16cos(y) = 0,15,
Af =0,64+0,15=0,79.

3ametum, uto Qopmyna (1.65) mo3BoJAEeT ONpPENENUTh MNOTPEHTHOCTh
BBIYHMCIICHUS CYMMBI, Pa3HOCTH, YMHOKCHUS W JeleHHS AByX BenuwuwH. Cremyet
MOTPAKTUKOBATHCS C BBIYMCICHHEM JTHUX TPOCTEHIMX OTEPAIMi U KPOME OIICHOK
a0COJTIOTHBIX MOTPEITHOCTEH MOTYYUTh OIICHKA OTHOCHTEIBHBIX IMMOTPEITHOCTEH.

3 OBPABOTKA 3KCIIEPUMEHTAJIBHBIX TAHHBIX

OObiuyHO TmepBasg jabopaTopHas pabotra 1o (U3MKE TOCBAIIEHA TEOPUU
norpemHocTer. [loaTomy creayer u3yduTh COOTBETCTBYIOIIUM TEOPETUUYECKUN
Marepuaj KaKk B 3TOM y4eOHOM MOCOOWH, TaK U B ONMHUCAHUU JIAOOpaATOPHOU PabOTHI.
3n1ecb MBI ONUIIEM MPUHIUIHAIBHYI0 CTOPOHY BOIPOCOB O MOTPEUTHOCTH
Y TOYHOCTH MPEJICTABICHUS PE3YIHTATOB U3MEPCHHUSI.

OKCHepUMEHTAIbHBIC JaHHBIC TIONYYAlOTCS B  pe3yJbTaTe W3MEPEHUH.
N3mepennss (u3NUECKUMX BEJIWYUH OBIBAIOT npsaMble U KOC8eHHble. B TIpsMBIX
M3MEPEHUAX HEMOCPEICTBEHHO M3MEPSIOT HCCIeNyeMylo BenuuuHy. Hampuwmep,
MPSMBIM U3MEPEHUEM SIBJISETCS HM3MEPEHHE Beca C IOMOIIBI0 BECOB, M3MEPEHHUE
JUIMHBl JIMHEHKOW, BpPEMEHU CEKYHJIOMEPOM, CHJIBI TOKa aMIIepMETPOM H T.II.
B KOCBEHHBIX HM3MEpPEHUSAX HCCIAeAyeMasl BEIMYMHA BBIYUCIISCTCS IO KaKOW-IHO0
bopmyIe, coaepkaileil HeCKOJIbKO BETUYHH, MOTYYEHHBIX MPSMbIM U3MEPEHUEM.

[IpuBenem mpumep KOCBEHHOro u3Mmepenus. Ilyctb Tpebyercss M3MepuUTh

00BbeM ITUIMHIPA
V=nr’H. (1.66)

B skcriepuMenTe 3amMepArTcs paauyc r M BbicoTa nuiuHapa H. U3mepsemeble
BEJIMYMHBI CoOJIepKaT mnorpemuoctu. [losToMy BeaMYMHA TOTPEIIHOCTH O00bema
JOJKHA OBITh BBIYKCIIEHA ¢ YYETOM MOTPEUTHOCTH MPSMbBIX U3MEPEHUMN ATUX BETUUYUH
no ¢opMyiaMm, NMPUBEICHHBIM B MpeablayiieM maparpade. Ecnu u BenuumHa ©
UCIIOJBb3YETCS. C MaJbIM YHWCJIOM 3HAKOB, CIEAYET Y4YECTh U MOIrpemHOCTh Am. B
UTOre UMEEM

AV =Ar-(rY -H+Ar-2-(r)-H+AH --(r)’. (1.67)

Heckonpko cioB o Tumax morpermHoctd. Hanbonee yacTo BCTpeyaroTcsl Tak
Ha3bIBAEMbIE CyuatiHble TOTPEeHOCTH.  OHU  SBISAIOTCS CJEACTBUEM MHOTHUX
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OPUYMH, KOTOpPbIE HEBO3MOXKHO WM TPYAHO YYECTh. YIy4YIIEHUE TOYHOCTH
npuOOpPOB M COBEPIICHCTBOBAHHE METOAMKH JKCIIEPUMEHTA MOXKET YMEHBIIUTH UX
Benu4MHY. OJJHAKO YCTPAHUTh MOJHOCTHIO CIyYailHblEe OIIMOKH HEBO3MOXKHO.

[TorpemHocTH, KOTOpPBIE BO BCEX H3MEPEHHSIX COXPAHSIOT 3HAYCHUE,
Ha3bIBAlOTCS cucmemamuyeckumu. K ducily Takux OIIMOOK OTHOCST, HAIpUMED,
CMEILIEHUE IIKaJbl H3MepureiabHoro mnpubdopa. K cucremarnueckum ommnbkam
OTHOCST WHOTJA npuOoOpHyr0 owubKy, TPUPABHUBAs €€ OOBIYHO II0JIOBUHE
HalMEHBILIETO JEJICHUs IIKaJIbl Ipudopa.

WHoraa npu n3MepeHn BO3HUKAIOT OIINOKH, KOTOPBIE HAa3bIBAIOT NPOMAXAMU.
IIpomaxy MOTyT MOSIBUTBCS B pE3YyJIbTaTE HEONBITHOCTH SKCIIEPUMEHTATOPA, OIUCKH,
HEUCIIPABHOCTH annaparypsl, HEOXKUIAHHBIX CHUJIBHBIX BHEIIHUX Bo3nelcTBHi. [Ipn
MHOTOKPATHBIX H3MEPEHHSIX MPOMaxu OOBIYHO PE3KO OTIMYAIOTCA OT OCTAJIbHBIX
naHHbIX. OOHapyKeHUE MIPOMaxoB IMO3BOJIAET UCKIIFOUUTh UX U3 PACCMOTPEHHS.

Huxe Mb1 Oyaem paccMmarpuBaTh TOJBKO cllydaiiHble ommOku. M3ydenuem
pacupeneneHuss Ciy4ailHbIX OIIMOOK 3aHUMAETCs TEOpUsl BEPOATHOCTH. Teopus
BEPOSITHOCTA YTBEPXKJIAeT, YTO paCHpele/ieHUEe MHOTOYUCIEHHBIX PEe3yJbTaTOB
M3MEPEHHUsI BEJIMYMHBI X XOPOIIO OMUCKIBaeTCsl 3akoHOM [aycca (puc. 5):

1 (x—(x))*
X) =——=—exp(——5). 1.68
®(x) o p( Py ) (1.68)
4(x) Pacnpenencuue (1.68)
Ha3blBalOT  €UIE  HOPMAJbHBIM.
OyHKIMA o(x) Ha3bIBACTCS

¢yukyueu laycca (eayccuanour),
P(x1<X<x2) OHA WCTIONB3YETCS JIJISl BRIYMCIICHHUSI
BEPOSATHOCTH oOHapyKeHHUsI
U3MEpPSIEMON BEJIIMYUHBI B JTIOOOM
BEIOpAaHHOM HWHTEpBaJie 3HAYCHHM

» or X, A0 X, C TIOMOIIbIO
<x> X1 X2 X

OIIPCACIICHHOI'O HHTCTpajia

Puc. 5. HopManpHBIi 3aKOH pacnpeneneHus

P(x,, x,) = T(p(x)-dx. (1.69)

X

EcrecTBeHHO, 4YTO BEPOSTHOCTH U3MEpPSEMON  BEJIMYMHBI  OKAa3aThCs
B OECKOHEYHOM HWHTEpBaje paBHA €AMHMIEC, U MOTOMY (YHKIMS pacrpeneneHus
YIOBIIETBOPSIET (HOPMUPOBOUHOMY) PABEHCTBY

P(—o0, ) = j(p(x)-dle. (1.70)
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N3 dopmyn (1.38)~(1.70) m puc. 5 BHIHO, YTO OTKJIOHECHHS B OOJBITYIO
¥ MCHBIIIYI0 CTOPOHY OT HambOoiee BEpPOSTHOIO 3HAYCHHUS PAaBHOBEPOATHBI M UTO
HauOombIIasi BEPOATHOCTh (IPM  PAaBHOM  BEIMYMHE MHTepBana (X, X,))

COOTBETCTBYET 3HAUEHMSIM X,, X,, PACHOJIOXKECHHBIM CHMMETPUYHO OTHOCUTEIIBLHO
CpeIIHero 3HAYCeHHUS (7 — YUCIIO U3MEPEHU )

(x)=x=

X . (1.71)

YroObl n30exkaTh MyTaHUIBI ¢ O0O3HAYCHUAMH, yKaxkeM, uro X, (i=1, ..., n)

B popmyne (1.71) — 93To 3HaYeHMs, MOJyYCHHBIE B pPE3yjibTaTe H3MEPCHUH,
a3HaueHus x,, x, B wuHTerpaige (1.68) — »3To mrOObIE BBHIOpAaHHBIE 3HAYECHHUS

A3MEPSIEMON BEJTUYNHBL.

Baxxnolt xapakrtepuctukoil pacnpeneneHus (1.68) sBnsercs BelMuuMHA G,
KOTOPYIO HAa3bIBAIOT CpedHexkgaopamuynou owubkou (cmanoapmom). Ksamgpar
CTaHAApPTa G~ HA3BIBAIOT Oucnepcueli. O0e BEIUUMHBI XAPAKTEPH3YIOT KYYHOCTh
pacupeesnieHusl CIIy4YalHOM BEJIIMYMHBI OKOJO MAaTeMaTUYE€CKOrO0 OXHUAAHUS ITOU
BEJIMYMHBI WM, UHBIMH CIIOBAMHU, OKOJIO CPEJHEr0 3HAuYeHUsA. UeM MEHbIIE 3TU
3HAUEHHUS, TeM YK€ KpuBas pacrnpezeineHus. [lpu OoibmIoM uuciae H3MEpEHH
CpeIHEKBaJpaTUIHAs OMMOKA BEIYUCIISETCS TTO hopMyIIe

>~ ()

n

c (1.72)

UtoObl JydIlle TOHATH POJIb G, yKaxkeMm, 4yTo coriacHo (1.68), (1.69)
BEPOSATHOCTh HAXOXKICHHUS HW3MEPSEMON BEIWYMHBI B HHTEpBAjie OT (<x>—c) hi (o)

(<x> + o) cocraBiger =67 %, a Ipy pacUIMPEHUH MHTEpPBaJa BO3MOXHBIX 3HAYEHUN

X BIBoOe gocturaeT =95 %.

BaxxHOo MOHATH, YTO TEOPHS MO3BOJISIET OIEHUTH BEPOSITHOCTH OTKIIOHECHHS
pe3yJbTaTOB  M3MEPEHUsT OT CpeaHero 3HaueHus. Pe3ynbraT u3MepeHus
3alHCEIBAETCSI B BUC

x=(x)+Ar=(x)(1+9d) (1.73)

C yKa3aHUEM BEPOSITHOCTH ATOr0 yTBepxkAcHusA. Hanpumep, pesynbraTsl H3MEpEHUS
JUIMHBI MOT'YT OBITh 3aIIMCaHbl B BUJIE

[=(23,6%0,31) oM~ 23,6(1+0,013) cm
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C YKa3aHHEM HAJIeKHOCTH (BEpOATHOCTH). B maboparopHbix pabotax mo ¢usuke
4acTO MCIOJb3YIOT 3HAYEHNE HAaJIeKHOCTH, paBHOE 95 %.

[IpuBeneHHbie GHOpMyIIBI MPEANOIATAIOT, YTO YUCIO MU3MEPEHUH JOCTAaTOYHO
Benuko. [lpu uucne usmepenuit n <10 (mis ydeOHBIX J1abopaTOpHBIX PadOT ATO
TUTIMYHAST ~ CUTyalusl)  TPUMEHSIOTCS  (GOPMyNbl,  MOAKOPPEKTUPOBAHHBIC
CreronentoM. CrerogeHT (Student) — sTo mceBgoHuM matemMatuka W.S. Gosset,
koTopbIiii B 1908 romy onmyOaMKoBaia CBOM UCCIEIOBaHUA B KypHase «buomerpukay.
OnumemM cooTBEeTCTBYIOIIME M3MeHEeHUsT Gopmyn. CpenaHee 3HAYCHUE W3MEpPSIEMO
BEJIMYMHBI BBIUMUCISICTCS 0€3 HM3MEHEHHUs, a CPEIHEKBAJpPaTUYHOE OTKJIOHECHHE,
HAa3bIBAEMOE MHOT/Ia CTAHAAPTHBIM, BBIUUCISETCS 10 hopMyIie

> x= (x)y

prp— (1.74)

o=

[TonmpaBieHHOE 3HAYCHHE YBEIUYCHO IO CPABHEHHIO C OOBIYHBIM 3HAYCHHUEM
o popmyne (1.72); npu n =5 6 ~1,2256 a npu n=10 6~1,1060c.

['paHuIbl JOBEPUTENLHOIO MHTEPBANA BHIYMCISIOTCS YMHOKEHHMEM O Ha Tak
Ha3bIBaeMbIN kKoaghpuyuenm Cmvrooenma

Ax =St(n, p)-0. (1.75)

Kosddumment CrprojieHTa 3aBUCUT OT YHUCIa W3MEPEHHM U OT BBIOpAHHOMN
HaJekHOCTH. B mabGoparopusix mo ¢u3uke OOBIYHO €CTh TaOJuIla 3HAYEHUH HTOTO
kodpdunmenta. CreayeT TOMHUTH, UYTO BeJIWYMHA OTOro koddduimeHTa
YMEHBIIAETCS C POCTOM 7 U YBEIMYHUBAETCS C POCTOM HAJIEKHOCTH.

[IpuBenem npumep ncnonb3oBanus Gopmysr CTbIOJEHTA.

Ilpumep 5. Ilycte n =5, BbiOpaHHas HajexHocTh p =0,95, u3MepeHHbIE

3HaueHuss paHbl 9; 9,5; 10; 10,5; 11. Cpeagnee 3HaueHue <x> OKa3bIBACTCS

paBueiM 10. [lo cnopaBouyHoi Tabmuue HaxoguMm KoddduiueHt CThloaeHTa
St(6; 0,95)=2,8, a c yuerom dbopmyi (1.74), (1.75) Berancisem

2’55 ~0,99. (1.76)

Ax=2,8

CrnenoBaTenbHO, C BEPOATHOCTBIO 95 % m3MepsieMasi BETMYHHA JTOJDKHA OBITh
3amucaHa B BUC
x=10£0,99~10(1+0,1).
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SAK/IIOYEHUE

Briciias martemaTtnka, a TouyHee, audQepeHIHaTbHOe W HHTErPaJbHOE
UCUHCIICHHE, Aa€T BO3MOKHOCTh PEIINTh OOJIBIION KJIacc 3a/1ad, He MOAIAI0IIUXCs
pelieHn0 MeTogaMu apudMeTuku, anreOpsl U reomerpun. OTpoMHOE 3HaUYEHUE
uMeeT cama (pOpPMYJIMPOBKA HOBBIX MOHSTHM, TaKMX, KaK MTHOBEHHas CKOPOCTb,
YCKOpPEHHUE, UMITYJIbC CHJIbI, KOTOPbIE MOXHO TOYHO C(OPMYJIUPOBATH TOJIBKO Ha
A3BIKE MTPOU3BOIHBIX U HHTETPAJIOB.

B nanHOM noco6uu paccMOTpeHa TOJIBKO Majasi 4acTh TEX Pa3/ieiioB
MaTE€MaTUKH, KOTOPbIE IPUMEHSIOTCS B (PU3HKE.

Hanpumep, npu ABMKEHUM OJHOW YAcCTUIBI B MEXaHUKE WIHM B 3aj1adax o0
U3MEHEHUU CO BPEMEHEM OJIHOM WM JIBYX BEIMYHMH (KOOPAMHATBI U CKOPOCTH
Tena), Mbl UMEEeM [0 C (PYHKIHMSIMH OJHOW NMEPEeMEHHON — BpeMEHHU. A eciu
paccMmaTpuBaTh 3aJauM O JABIKEHUU ABYX, TpeX U OoJiee Tell, TO Ul UX ONHCAHUS U
pelIeHUs HY)XHbl HOBBIE METOJNbI, TaK IPOUCXOAUT MEpPexXoa K (PYHKIUSAM
HECKOJIBKHX IIEPEMEHHBIX, TIJ€ HCIIOIb3YETCA MCCIECIOBAHNE YPAaBHEHUM B
YACTHBIX ITPOU3BOIHBIX.

['oBOpst 0 MareMaTUYECKON TEOPUH, HYKHO BBIJEIUTH HE TOJBKO IMOCTAHOBKY
3a/layd U HUCXOJHOE ypaBHEHHWE, HO M HYXXHO OOCYXJaTh XapakTep MOJyYEHHBIX
pe3ynpTaroB. [IoaTOMy MaTeMaTnky MOKHO pacCMaTpuBaTh KaK Pa3HOBUIHOCTH
YTOUHEHUH, YCOBEPIICHCTBOBAHHOM JIOTWKH. lIpmyem, mocTpouB mnpaBuna 3TOU
JIOTUKH W BBIyYUB HMX, YEJIOBEK IOJIy4YaeT opyaue Ooyiee CUIBHOE, YEM «3JIpaBbIid
CMBICII».

YenoBek pykKamu CO31a€T NPOCTBIE OPYAMsi, C IOMOLIBIO KOTOPBIX CTPOMUT
eile Oosiee COBEpIICHHBIE U CII0KHbIE MEXAHU3MBbI, U MIOMOILBIO ATUX MEXUHU3MOB
OH cnocoOeH cielaTh TO, YTO HEJOCTYHNHO TojJbIM pykam. Bor Tak xe u
MaTemaTHKa, pa3BUBasl Bce 0oJiee CIIOKHBIE TEOPUM U CO3/1aBasi HOBbIE IMOHSTHS,
Ja€T BO3MOXKHOCTh TMOHSATH M OBJIAJIETh CaMbIMU HEOOBIUHBIMU SBJICHHUSIMU
IPUPOJIBI.

IIycTe MaTemaTuKka JUIsl BCEX HAC HABCErJAa OCTAHETCS TOYHBIM U MPEKPACHBIM
SA3BIKOM, CIIOCOOOM BBIPAKEHHMSI MBICIEH H CHOCOOOM MBIIUICHHS; IYCTh
MaTeMaTuKa He OyJeT MPeAMETOM, KOTOPBIM HY>KHO BECh «CIaTh U HUYETO ceOe He
OCTABUTbHY.

JIroOute MaTeMaTUKYy - 1 J1I0OOBb Oy/IeT B3aUMHOM, MaTeMaTHKa TIOMOXKET
Bawm.
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